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1 Multidimensional U;

The identification result of this paper holds for a multidimensional latent variable
U;, given that the proxy variables X; and Z; are at least of the same dimension.
This is because the spectral decomposition result of Hu and Schennach| [2008] that
this paper builds on holds for multivariate U;, X;, and Z;. (Theorem 1 of Hu and
Schennach [2008])EI Suppose that U;, X;, Z; € RP with some p > 1. The following
assumption collects Assumptions 1 and 3-5 of Hu and Schennach [2008], replacing

Assumption 4 of the main text for multidimensional U;.
Assumption 1. Assume
a. (multidimensional U;) U C RP.

b. (bounded density) The conditional densities fy ), fy o), [xw, fuip=1,z and

fuip=0,z and the marginal densities fu, fzp=1 and fzp—o are bounded.
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c. (completeness) The integral operators Lx v, Lzip=1,v and Lz p—oy are injective

on L'(RP).

d. (no repeated eigenvalue) For any u # u/,

Pr {fY(d)\U(Yi|U) # fY(d)|U(Y;‘|U,)|Di = d} >0

for each d =0, 1.

e. (measurement error) There exists a functional M defined on L'(RP) such that

Mfxw(-lu) =u  for allu e U.

An important caveat of modeling the latent U; to be multidimensional is that
we cannot use the information from the conditional distribution of Y;(d) given U;
to find a labeling on U;, since Y;(0) and Y;(1) are univariate while U; is not. Thus,
in Assumption [Tle, I fully adopt the ‘repeated measure’ interpretation on the proxy
variables X; and Z;, as in (Cunha et al.|[2010], Attanasio et al. [2020] and Example 1
of the main text, to find a labeling on Us.

Importantly, Assumption [1| does not impose any restriction on the dependence
structure within U;, X; and Z;. Different dimensions of the latent variable U; may
be correlated. In addition, Assumption [I] does not impose any relationship between
different dimensions of U; and those of X, and Z;. We do not need each dimension of

X, and Z; to correspond to a specific dimension of U;.



2 Sieve maximum likelihood estimation

When U; is continuous, I propose using a nonparametric estimation method such

as sieve maximum likelihood. Under the conditional independence framework,

fyxip,z(y, x|d, z) = /ufY(d)U(?JW) - fxw(@|u) - fup=az(ulz)du.

Given some sieves to approximate the conditional densities fyq)v, fyow, [fxu,
fuip=1,z, fuip=0,7z With finite-dimensional parameters 6 = (91,90,9)(,912,902), the

sieve ML estimator of the nonparametric finite mixture is:

0 = argmax Y " log fy.x|p.za(Yi, Xi|Di, Zi: ) (1)
" =1

= arg max <Di log/ufy(l)U,n(YHU;@l) Ixun(Xilu; 0x) - fuip=1,2,n(ulZi; 12)du
"i=1

(1—-Dy) 10g/ufy(0)|U,n(Yi|U; 00) - fx1un(Xilu; 0x) - fuip=o,zn(ulZs; QOZ)dU)-

In particular, I use tensor product spaces of Bernstein polynomials as sieves
{©n}52,. For example, the conditional density fy (1) approximated to a tensor
product space with a given dimension of (py + 1,p" + 1) is as follows: with y,u

normalized to be on [0, 1],
P\ v_j (P & vk
frwa(ylu; 01) = Oipa (7 )y (=) ) Jur (=)

and 0, = {Qjm}ogjgpj’ogkgpuﬂ The tensor product construction and the properties of
Bernstein polynomials make it remarkably straightforward to impose that the approx-
imated functions are densities. The constraints that fy(1)|U,n(y|u; 61) is nonnegative

and integrate to one correspond to the following linear constraints on the polynomial

2The degree of Bernstein polynomial does not need to be uniform across different conditional
densities; for example p¥ for fy (1), may differ from p¥ for fy(yvn. However, p* being uniform
across all five conditional densities facilitates computation.



coeflicients:

Oj1 >0 Vi, k (nonnegative)

pY 0.
Z =1 (sum-to-one)
— p¥ + 1
7=0

k pY

1 k(P (K .
; Pl S 1(_1) (k) (l Opr=0 Vk=1---.p (sum-to-one)

Moreover, when the latent rank interpretation from Assumption 5 is assumed with
conditional expectation, the monotonicity condition can be easily imposed as linear
constraints. For example, E [Y;(1)|U; = u] being monotone increasing in u translates

to
Y pY
Z Wil < Z wiljgr1p Yk=0,---,p"—1 (monotonicity)
=0 =0
with some weights {w;}}~, such that
1 AN v j+1 pt i (Y + 1\ [(7+1 1
wg*:/ (.)y’ (1—y)Pdy = > (=) ( )( )—
o \J py+1l:j+1 j+1 l [+1

Plug-in DTE estimation follows directly once we have 6. For example, the marginal

treatment effect distribution estimator can be constructed as follows: for any 9,

~

1 n y+4 R .
Fy)-y()(9) = —Z/// Frayo'lu; 1) - frow(ylu; o)dy' dy
n i=1 YU JRJ —oc0
' (DifU\D:LZ,n (u| Z;; élZ) + (1 = Dy) foyp=o,z.n (u| Z; éoz)) du.
In constructing induced estimators, the conditional densities fyp=1z and fyp=oz

are used to obtain the marginal density of U;, taking advantage of the following

equivalence: E [¢(U;)] = E[E [¢(U;)|D;, Zi]] -



3 Additional discussion on empirical illustration

3.1 Choice of K

To choose K to be used in Section 6 of the main manuscript, I applied the eigen-

value ratio estimator and the Kleibergen-Paap rank test to a 12 x 10 matrix

Pr{X; =2'((D;,Z;) = (0,2")} -+ Pr{X;=2'(D;,Z) = (1,2"2)}
H, — : , :
Pr{X; =2Mx|(D;, Z;) = (0,2")} - Pr{X;=a"x|(D;, Z;) = (1,2M2)}

To discretize X; and Z;, I used equal partitions (—oo, Fix'(1/12)],- -+ , (Fx'(11/12), 00)
and (—oo, F,; 1 (1/5)],-- -, (F,'(4/5),00). Thus, Hx has 12 rows and 10 columns. Un-
der Assumptions 1-3, Hx is at most rank K. Tables contain the estimation/test
results from the eigenvalue ratio estimator from |Ahn and Horenstein| [2013] and the
Kleibergen-Paap rank test from [Kleibergen and Paap [2006]. Both the eigenvalue

ratio estimator and the Kleibergen-Paap rank test suggest K > 3.

K 1 2 3 4 ) 6 7 8

eigenvalue ratio | 3.505 3.991 4.029 2.721 1.653 1.863 1.418 3.309
growth ratio | 0.964 1.135 1.472 1.353 0.893 0.956 0.580 1.035

Table 1: Eigenvalue ratios and growth ratios

K 1 2 3 4 5 6

test statistic | 884.82 116.23 35.75 20.08 13.80 7.94
p-value 0.000 0.001 0.984 0.998 0.995 0.992

Table 2: Kleibergen-Paap rank test statistics for Hy : rank = K and their p-values

As a second step, I estimated the nonparametric finite mixture for K = 3,4,5,6

and applied the specification test from Appendix B of the main text. To discretize Y;



and X;, I set My =4 and Mx = 6, using equal partitions
(—o0, Fy ' (1/4)],- -+, (Fy1(3/4), 00)

for Y; and
(=00, F5'(1/6)], -+, (F'(5/6), 00)

for X;. For each value of K =3,---,6, I also used equal partitions
(=00, Fz ' (1/K)], -+, (Fz (K — 1)/ K), 00)
for Z;. The test statistic tests the null hypothesis that
Pr{X; € X™|D; = 1,U; = u*} = Pr{X; € X™|D; = 0,U; = u*},

for every m’ = 1,...,Mx — 1 and k = 1,..., K. Table |3| contains the test results.
We find that the conditional distributions of X; given U; are well-balanced across the

two treatment statuses, for all K = 3,...,6.

K 3 4 5 6

T, 8.576 10.871 9.800 11.460
p-value | 0.899 0.949 0.997 0.999

Table 3: Specification test statistics 7T, and their p-values

3.2 Additional figures

In this subsection, I present estimates for the joint distribution of Y;(1) and Y;(0)
for K = 4,5 and estimates for the marginal distribution of Y;(1) — Y;(0) for K =
3,4, 5,06, as sensitivity analysis. Firstly, Figure|l|plots the estimated joint distribution
of the two potential outcomes for K = 4,5. For visibility, I partitioned Y;(1) and
Y;(0) with quantiles Fy-'(1/7),---, Fy'(6/7) and plotted the joint distribution of
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Figure 1: Joint density of Y;(1) and Y;(0), across K = 4, 5.

partitioned potential outcomes. Since the treated potential outcomes are plotted on
the vertical axis, higher mass on the upper-left triangle means that the treatment
reduces the medical spending. Overall, there is no distinctive pattern of positive
treatment effect or negative treatment effect. One notable observation is that the joint
density is higher where Fy (Y;(1)) = Fy(Y;(0)) ~ 0 and Fy(Y;(1)) =~ Fy(Y;(0)) ~ 1.
This is intuitive since on the two ends of the underlying health status spectrum,
the effectiveness of the workplace wellness program must be limited. Additionally,
comparison between the joint density estimate when K = 4 and that when K =5
shows that there may be slight overfitting when K = 5, leading to occasional negative
density estimates.

Secondly, Figure [2| contains the estimated marginal distribution of the individual-
level treatment effect Y;(1) — Y;(0), across K = 3,4,5,6. Notably, the point estimates
are highly volatile with K = 6, decreasing on a significant subset of the support
[—$1000, $1000]. Figure [2]is plotted by evaluating the DTE function Fy(1y_y(0)(d) on
a 101-point-grid on [—$1000, $1000]; out of 100 increments, the estimated distribution

function decreases for 37 increments, when K = 6. Moreover, I also constructed a
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Figure 2: Marginal distribution of Y;(1) — Y;(0), across K =3,--- ,6.

measure of the monotonicity violation for comparison:
2 ’ﬁy(l)’y(o) (0) = ﬁy(l)fy(o)(‘sd_l)‘ 1 {ﬁy(l)ﬂ/(o)(éd) - ﬁY(l)fY(o)(CSd_l)}

with (50, ot .- ,5100) = (—1000,—980, - - - ,1000). The monotonicity violation mea-
sure is 0, 0, 0.029, 0.237 for K = 3,4, 5,6, respectively. This provides another anec-
dotal evidence that the nonlinear least-square estimator overfits the estimated prob-
ability (-|]-) when K = 6. Hence, I reported K = 5 result in the main text.

Also, the right tail of the distribution function seems to be more sensitive to the
choice of K. In particular, the right tail suggests that the direction of the misspecifi-
cation/discretization bias from using a smaller-than-true K is positive; as I increase
K, the estimated right tail of the distribution approaches zero. This suggests that
the negative impact of the treatment, i.e. an increase in medical spending from the

treatment, may be even lower than what is suggested by K = 5 estimation results.



4 Proofs

4.1 Proof for Lemma 1

Let us consider three different parts of ¢: ¢4, ¢, pc. Firstly, ¢4 is the part of ¢

that corresponds to Equation (9) of the main text. Fix some (m,d, m’, k) and let

¢A(W27 WZ’? 5\7p)

5\ kj 1 / y
-y OB (1 e ymp, ~d X e 27z e 27)

i PD,Z(d,])
+1m €V, Dy =d, Xy € X™  Zy € Zj})
k) 1 m - ml =/
—Z —(1{Yiey Di=d, Zi€ 20 Xy € X" Dy =d, Zy € 29"}
pp,z(d, j) - pp, Z(d J) 2

YUX, € X Di=d, Zi € 27 Yy € Y, Dy = d, Zu € zj}> .

Then, for j=1,.... K, E [ VVi,VVi/;:\,p)] equals

g
g (k') $a (

Pr{Y; e Y™, X, € X™|D; =d, Z; € 22} — Pr{Y, € Y"|D; = d, Z = 2} - Pr{X; € X™|U; = u*}
—Pr{X; € X™|D; =d,Z = 2} - Pr{Y;(d) = y|U; = u*}.

if ¥ =k and d’ = d and zero otherwise. E [W@M (VVi, Wi, :\,p)] = 0 for every
& k. Lastly, for j=1,... K, E[ g2 oa (Wi, Wi A, p)} equals

Opp,z(d',

5\Cl(.j7 k) ! j
———— . P{Y, e V" X, e X" |D; =d, Z; € Z’
pD,Z(d7J) { ‘ }
M Pr{Y; e Y"|D; =d, Z; € 27} - Pr{X; € X" |U; = u*}
pp,z(d, j)
Ad(jv k) m’ _ j _ _ .k
pD,Z(dvj>

if d = d and zero otherwise.



Secondly, ¢p is the part of ¢ that corresponds to the Equation (10) of the main

text. Fix some (d,m’) and let

¢p(Wi, Wi 5\7]9)
C {Di=d, X; € X"} +1{Dy =d, Xy € X"}

2
N k) 1{D;=d, X; € X™,Z; € 21V +1{Dy =d, Xy € X™, Zy € ZI
—ZPD,U(d,k)Z a(Jj ) { } { }
. ; pD,Z(d7]) 2

Then, for j=1,...,. Kand k=1,..., K,

i {A(bB(Wi Wi X,p)] = —ppu(d,k) - Pr{X; € X™|D; = d, Z; € 2}
a)\d’ (]a k)

if d = d and zero otherwise. Also, for k=1,..., K,

E|————¢(Wi,Wi: \,p)| = —Pr{X,; € X™|U; = u"

if d = d and zero otherwise. Lastly,

0 5 = pu(k)Aa(j. k) / :
E|l——— Wi, Wiy A, :g ————2 . Pr{X, e X" |D;, =d, Z; € Z’
{apD,zw,y)qu( Y )] 2 pp7(d.j) { | J

and E[#@g (Wi, W S\,p)} is zero when d’ # d.

Opp,z(d'.j)

Thirdly, ¢¢ is the moment condition for pp » from Equation (11) of the main text.

Fix some (d, j) and let

2

b (Wi, Wi A, p) = — pp,z(d, j).
E [mqﬁc (Wi, Wy :\,p)] and E [mqﬁc (Wi, Wy :\,p)] are zero for every (d', j, k).
Also,
0 ~
E[— Wi, Wirs A, ] =—1
8pD,Z(d’,j’)¢C( p)
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if d = d and j' = j and zero otherwise.

With some order of stacking ¢4, ¢, ¢c and flattening Ao, /~X1the Jacobian matrix

becomes
E [0 (W, Weidp)]
e [0 (w.1:.)]

= Oax xony My K

E [%@x (Wi, Wirs S\,P)] E [%@3 (Wi, Wir; 5\,17)} Oar2 ok
E B p)} O2x w2k
E | 52504 (Wi Weidp)| B r)

—1I
dpp.z :| 2K x2K

It suffices to show that the submatrix

B[ Zoa (WoWeidp)]  B[Zos (W Wiidp)]
02K><2MyMXK E [%QSB (VVi,VVz"; /N\ap>]

(2)

is full rank. Assume to the contrary that the rows of the submatrix from are

linearly dependent: with linear coefficients o = (04,4’1, C L QA9K2, 0B, ,OCBVQK)T,

y E|Zoa (W Woihp)| B[ Zon (Wi Wi Ap)]
OKXZMyMXK E[ 2 oB (Wz‘,Wz‘GS\,pﬂ

aPD,U

= 0.

Note that E [a%gb A (Wi, Wirs 5\, p) } is a diagonal block matrix, consisting of 2K block

3The order of ¢4, ¢p and ¢ across different values of (m,m’,d, j,k) in ¢ is as follows. Firstly,
stack ¢4 across every value of (m,m’) for (d = 0,k = 1), looping m’ firstly and then m, and then for
(d =1,k =1). Then, repeat this for k = 2,--- , K. These will be the first 2My Mx K components
of ¢. Secondly, stack ¢p across every value of x for d = 0 and then for d = 1. These will be the
second 2M x components of ¢. Then, stack ¢¢ across every value of j for d = 0 and then for d = 1.
These will be the last 2K components of ¢.

For the order of Ay(j,k) in vectorized X, collect Ag(j, k) across j for (d = 0,k = 1) and then for
(d =1,k = 1). Then, repeat this for k = 2,--- , K. This will be the 2K?2-dimensional vector . For
p, collect pp (0, k) across k, pp.u(1, k) across k, pp.z(0, j) across j, and then pp z(1,7) across j.

11



matrices, each of which is a K x M matrix. For example, the first block matrix is

ApTTo" — (Ap"T'xT) ® (Pr {Y:(0) e 'U; =u'} --- Pr{Yi(0) e Y™|U; = u1}>

—(Pr{X, e XU = u} - Pr{X,e X¥x|U; =u'}) ® ATy

where ® is the Kronecker product. From Assumption 3.b-c, the rows of the block
matrices are linearly independent. Thus, the first 2/K? components of a are zeroes.

Then, it must satisfy that

- —I'xT O
032 (W}, Wirs )\,p)} = ag' * i —o,

Orxmy —I'xT

0
E
or {8PD,U

E [ 9 _bp (I/VZ-, Wi, S\,p)] is also a diagonal block matrix, where each of the two

Opp,Uu

blocks is a K x My matrix —I'xT. From Assumption 3.b, ag must be a zero vector.

The Jacobian matrix has full rank. O

4.2 Proof for Lemma 2

From iid-ness of observations, we have |[Hy — Hyl| » = O, (\/Lﬁ) and |Hy; — Hy || =
O, (\/Lﬁ) . From the definition of Ay and A;, we have

~ o~ 2 o~ 2
HHO _ FOAOHF + H]I—]Il _ F1A1HF < |[Hy — Too|| 2 + |[H; — TyA 2

1
= o~ Bl + i~ 1,2 = 0, (1),

Then,

2

~ o~ 2 ~ o~
HFOAO - Fvo‘ - HHO - F()Ao‘
F

< (J[Ho — Hol , + |[Ho — DR,

F

Yo ()

12



I'A, — f1K1 . From the submultiplicavity of

F:Op<\/Lﬁ)' -

and likewise for

- HHl —f1K1
F AN AN

— HPFQAl — PFOAl
F

| - |7, we also get HPF1A1 — Pflf\l

4.3 Proof for Lemma 3

Firstly, I show that Ka ! exists with probability going to one. Find that

. . 1
FTFA—FTFAH <|r .HFA—FAH o, [ —
[rorToo = TorToo |, < Il [Poo ~ Fofl |, =0, (=

from Lemma 2. The determinant of FUTFOZA\O converges in probability to the de-

terminant of [',TT'gAy, which is nonzero. Thus, with probability converging to one,
~ ~ ~\ -1 ~ ~

both I'yI'y and Ag have full rank and (FOTF()) and Aal exist. When I'yTT'gAg is

invertible,

o, = (o) |
F F

~ o~ ~ ~ \ 1
< HFOAO — F0/\0H <F0TF0A0>
F

ool

with A as defined in Lemma 3. There is some ¢ > 0 such that HFOTfOJAXO—FOTFOAOHF <
0 implies the invertibility of TOTfOKO and

cz{wmfﬁ@*

~ ~\ 1
since H (FOTroA(])

HFOTfOKO — FOTFOAOHF < (5} < 00

F

is a continuous function of FOTfOKO and
F
{FOT/I:‘OKO . HFOTfOKO — FOTFOAOH S 5}
F

is closed and bounded. Then,

Pr { (HFOTfOT\o) B

> C, I’OTFOIAXO is invertible} =o(1)
F

13



AISO, FOTfO

is bounded by K?2. Thus,
F

refoilfu -, > )

~ o~ ~ ~\ 1
S Pr {\/EHFQAO - FvoH <FQTF0A0>
F

HFOTFOH > g, FOTFOJA\O is invertible} +o(1)
P F

€
F = C’K2} +o(1)

S Pr {\/ﬁHfoKo - FOAO

Therefore, we have

Hfo - FOAHF -0, (%) .

A is a K x K matrix that reorders the columns of I'y so that it resembles fo. O

4.4 Proof for Lemma 4

The proof for Lemma 4 consists of two steps. For notational convenience, let a;y,
denote the j-th row and k-th column element of A and a.;, denote the k-th column of
A. In this sense, a is a set of weights on the columns of fo so that we get the k-th

column in I'y.
Step 1. Each column of A converges to an elementary vector at the rate of n-s.

Firstly, the columns of A sum to one. To see this, compute column-wise sums of

fo =TpA+ (fof\o — F0A0> /A\al when FOTfOJAXO is invertible:

LMTfO = LMTF()A + LMT (fo//io — FoAg) Kal
LKT = [,KTA + (LKTKO — LKTA0> Kal

= LKTA + (LKT — LKT) Kal = LKTA.

Secondly, with probability going to one, the columns of A are bounded with || |-
To see this, let I'y; be the k-the column of I'y and let I'y _; be the rest of the K —1

14



columns formed into a My My x (K — 1) matrix. Let
(S* = mkin ||F07k — FO,—k (F()’_kTF()y_k)_l F07_kTF07k||.

0* > 0 from Assumption 3.b. Then, for any linear combination of I'y _,

5*
Tor —T0o_ o D — .
“ 0,k 0, ka” = 2\/m

Since each column of A sum to one, a k-th column element of ['yA can be written as

follows:

K

S Pr{¥i(0) =, Xi € X™|U; = w'}ayy
j=1

= Pr{Y;(0) = y, X; € X™|U; = u'}

+ (1 — ay) (Zf_Q Pr{Y;(0) =y, X; € X" |U; = v} - =2 — — Pr{Y;(0) =y, X; € X" |U; = u1}>

K
ijz Ajk

For any given {a;r}/<,, we know from the construction of §* that there must be a

row in I'yA such that

K
Pr{Y;(0) = y, X; € X"'|Us = u'} = > Pr{¥;(0) = y, X; € X"'|Uy = '} - 2 —

j=2 Ajk

=2

is greater than or equal to Q\/ﬁ‘ Thus, Zjil Pr{Y;(0) =y, X; € X™|U; = w }ap,

lies outside of

’ 1 —a1k|6* ‘1 —a1k|5*
Pr{Y;(0) = ;Xi cexm U; = ! + _‘ y
) =y | v [ 2/ My Mx 2/ My My

and

4/ My Mx

b } < Pr {[|Fs — oA, = 1} = o(1)

PI‘{H —a1k| 2

15



The inequality holds since fo is a well-defined probability matrix and therefore its
elements all lie between 0 and 1. We can repeat this for every a;, and we have
Pr {||a.x/lcc > 4\/7 + 1} = o(1) for every k.

Using these two observations, now I show that each column of A converges to an
elementary vector at the rate of \/Lﬁ: with e, being the k-th elementary vector whose

k-th element is one and the rest are zeros and some £ > 0,

Pr {\/ﬁmkm laq — ex]| > 5} =o(1).

To put a bound on the probability, I first show that \/n-miny [|[a.;—ex|| > € implies that
there is at least one j such that |a;i| > % and another j/ # j such that |a;1| > R
The existence of such j is trivial from Zszl ar; = 1. Assume to the contrary that
there exists only one j such that |aj| > 5=z Then, for the rest of K — 1 elements,

it must be that |ax| < 575z, which leads to aj € [1 — 77,1+ 75%=]. Then,

- 2 K—1 e2\: £ ,
la. — el < m K T §E<m]3n!\a-1—€k|\>

which leads to a contradiction. Thus, we have

Pr{v/n - minlas — e > < <Pr{3y ' such that j # ', la| > 5 lan] > 2\n<}

Two elements of a.q being away from zero creates a contradiction to HfO—FOA” P=
O, (\/Lﬁ) since the convergence says that each column of I'y A can be well-approximated
by a column in fo, which satisfies the quadratic constraints. To see this, let fo’k be

a Mx x My matrix whose m-th row and m/-th column element is
Pr{ F(0) € Y™, X, EXm|U—u}
fo,k takes the k-th column of I'y and makes it into a Mx x My matrix. Note that

16



fo,k = Prqox", With

T
)

Qdrx = (Pr {Yi(d) e VU, = u’“} ... Pr {Yi(d) e YMY|U; = uk}>T,

for k=1,..., K. Then, min,, =0, (L> since

K =
Zkzl FO,kakl —pqT Jn

F

min
peRMX qeRMy

K
Z PO,kakl —pq’
k=1

K
< r -T < ||Tg = ToA
F_HZ 0,kAk1 0,1 F_H 0 0 HF
k=1

with f()’k constructed from fo in the same manner as fO,k- The first inequality holds
from the construction of the estimator fo; the estimated mixture component distri-
bution satisfies the exclusion restriction of Y;(0) and X; given U; and thus f‘071 is
a rank one matrix. The second inequality holds since Z?Zl f‘oykakl corresponds to
the first column of I'yA and fm corresponds to the first column of fo. However,
since two elements of a.; are away from zero, the matrix Zszl fO,kakl cannot be well-
approximated by a rank one matrix as implied by ||f0 -I 0A|| r=0p (%ﬁ), giving
us a contradiction.

The rest of the step completes the argument. Assume that there exist some 7, 5’
s Let pp(m’) = Pr{X; € X™\U; = uF},
qax(m) = Pr{Y;(d) € Y"|U; = u*} for k =1,--- , K and let

such that j # 7', |a1| > %,|aj/1| >

w(m) = (an%l(m) aKlQOK(m))T'
Then,

K K
ZFO,kakzl = Zaklpkqgk =I'x <w(1) w(My)> :
k=1

k=1
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From Assumption 3.c,

¢" = min {1;;1%};@ (qox(m) — QOk'(m))} > 0.

WLOG let m! and m? satisfy that

*

qoj(ml) — qoj/(ml) > ¢ and qoj/(mQ) — qQo; (mz) > c*.

Then, since (goj(m')qo; (m?) — qoyr (m*)qo;(m?)) > ¢*?,

50*2

a0, m* (%) =y o (m®)| = gl (a0, (m* oy (1) = g (m)aos ) > 5

1

With the columns corresponding to (m!, m?), the submatrix of Zk;K:1 To raz is

Then,

= the smallest singular value of A.
F

>  min A—pqT

F ~ peRMX geR2

min
P,

K
‘ Z FO,kakl —pq’
k=1

The equality is from the Echkart-Young theorem. The smallest singular value of 'y
is bounded away from zero from Assumption 3.b. To show that the smallest singular
value of (w(ml) w(m2)) is bounded away from zero with a lower bound proportional

to in, I use the following result:

Theorem 1 Hong and Pan| [1992] Let A € R?**. Then, singular values of A are

bounded from below by

p—1

p— 1) z | min, ||A,.||2 ming || A2
— det(A)|maX{ ,
( p v [[Ar 2" TTozy 1 A]l2
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where A,. is the r-th row of A and A.s is the s-th column of A.

<w(m1) w(m2)> —pq’

The smallest eigenvalue of (w(ml) w(mQ)) equals min gy cpe .
’ F
Thus, the samllest eigenvalue is bounded from below by

. J
> min —pq’
F p,qER?

min
peRMx qeR2

(w(ml) w(m2)> —pq’

= the smallest eigenvalue of

wi(m')  w;(m?
We have shown that det i(m’) 5 ()

X N \FKQ With probability going to
wye(m?) - wy (m*)

one, w(m!) and w(m?) is bounded by ** X 4+ 1 and therefore

(wj(m")? + w;(m")?) > 0.

1 (V)

Thus, with probability going to one, the smallest eigenvalue of <w(m1) w(m2)>

is bounded from below by \/Lﬁ . g%z . <4V MyMx 4 /2 > . Consequently, with some

constant C* > 0 which does not depend on ¢,

Pr {\/ﬁ . mkin laq — ex|| > 8}

< Pr{EI J,j' such that j # j', |aj| > — |a]

2l 2 2IK}
~ C*e 4/ My M x
< - > t. > —= = .
Pr {HFO FOAHF > \/ﬁ} + Pr {EI y st Jwy)lleo > + 1} o(1)

We repeat this for every column of A: a.g, - ,a.k.

Step 2. No two columns of A converge to the same elementary vector.
It remains to show that A is indeed a permutation; each of the elementary vector

e1, -+ ,ex has to show up once and only once, across the columns of A. To see this,
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let
0™ = min max Pr{U; = uk]DZ- =0,7; € Z'} > 0.

1<k<K 1<j<K
0** finds row-wise maximums of Ay and then finds the minimum among the maximum

values. ** > 0 since there cannot be a zero row in Ay, due to Assumption 3.b. From

the result of Step 3, we have

K

5**
i — e || > = .
ZPI {Hllcl/n la.x — ew]| > 7 } o(1)

k=1

If ming [ja., — ew|| < %= for every k, there is a bijection between the columns of A

and {e1, -, ex}. Firstly, see that [|a1 — ex| < 2= means that
6** 5**
1—ep||>1— > VE #£ k
o —eull = 1= 05 T

since 0*+ < 1 and K > 2. Thus, (k) = arg ming ||a., — ey || is a well-defined function

when ming [|a.x — ep|| < 2= for every k. Secondly, assume to the contrary that there
o o
K* K1
_ o 52]
K* K1

is some j such that j # 7 (k) for every k. Then, the j-th row of A lies in [
Since the columns of Ay sum to one, the j-th row of Ag = AKO lies in [
leading to a contradiction. Thus, 7 is a bijection.

Thus, with some permutation on the rows of /A\o,

Pr{vallA - Txllp > ¢}

1)
< Pr{ VA~ Ll 2 g s - el < 5

for every k‘} +o(1)

< ZPI‘ {\/ﬁnklln ||ak - Gk/” > \/%} + 0(1) = 0(1).

20



References

Seung C Ahn and Alex R Horenstein. Eigenvalue ratio test for the number of factors.

Econometrica, 81(3):1203-1227, 2013.

Orazio Attanasio, Sarah Cattan, Emla Fitzsimons, Costas Meghir, and Marta Rubio-
Codina. Estimating the production function for human capital: results from a

randomized controlled trial in colombia. American Economic Review, 110(1):48-

85, 2020.

Flavio Cunha, James J Heckman, and Susanne M Schennach. Estimating the tech-

nology of cognitive and noncognitive skill formation. Econometrica, 78(3):883-931,

2010.

YP Hong and C-T Pan. A lower bound for the smallest singular value. Linear Algebra
and its Applications, 172:27-32, 1992.

Yingyao Hu and Susanne M Schennach. Instrumental variable treatment of nonclas-

sical measurement error models. Econometrica, 76(1):195-216, 2008.

Frank Kleibergen and Richard Paap. Generalized reduced rank tests using the singular

value decomposition. Journal of econometrics, 133(1):97-126, 2006.

21



	Multidimensional latent variable
	Sieve maximum likelihood estimation
	Additional discussion on empirical illustration
	Choice of K
	Additional figures

	Proofs
	Proof for Lemma 1
	Proof for Lemma 2
	Proof for Lemma 3
	Proof for Lemma 4


